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In this study, the distribution of residual stress in fiber-reinforced nanocomposites is investigated.
Fiber-reinforced nanocomposite is composed of three substances: carbon fiber, carbon nanotube
(CNT), and polymer matrix. Unit cells in hexagonal packing array with different arrays as unit cell,
3*3 and 5*5 arrays have been selected as suitable for finite element analysis of residual stresses.
Radial and tangential residual stress have been determined in different directions by finite element
analysis using ABAQUS commercial software for each phase individually. The effect of the CNTs’
various volume fractions (0%, 1%, 2%, and 3%) on residual stress distribution has been studied in
different directions and compared to one another for each phase. Results show that the 3*3 unit
cells arrays are suitable for modeling micro-residual stresses, and the results of this array are reliable. In addition, adding a 3% volume fraction of CNTs to the matrix is the best option for reduction
of overall residual stresses with minimal fluctuation in local micro-residual stresses.
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1. Introduction
Because of many favorable properties of composite materials high stiffness, strength, and corrosion
resistance, to name a few-these materials quickly
found a special position in the industry. The high
strength-to-weight ratio of polymer matrix composites (PMCs) has caused this type of composite substance to be often-used. Curing is a production step
in the manufacture of PMC components, and the distinct coefficient thermal expansion (CTE) properties
of various constituent components can cause residual thermal stresses to be created in the cooling step.
The distribution of residual stresses is characterized as macro- or micro-residual stress. Macro-residual stresses are caused by interlaminar deformations
in composite laminate layers, caused to varying CTE
directional properties of the layers. Micro-residual
stresses develop due to varying CTEs within the constituent phases. In the field of micro-residual stress
distribution, Hann and Pagona [1] formulated a
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method based on total stress-strain-temperature relations to determine the curing stresses in boron/epoxy composite and found the method to be
preferable to the incremental method. More recently,
Shokrieh and Ghasemi [2-3] presented a new method
for calculating calibration factors for measuring residual stresses in composite laminate materials. Calibration factors of incremental hole-drilling correlated the released strains to the residual stresses in
each layer. Because of the non-uniform distribution
of residual stresses through the thickness of each
specimen, the integral method was used for determination of residual stresses in laminated composites.
Ghasemi et al. [4] employed the integral hole drilling method to calculate the non-uniform residual
stresses in various composite laminates. Three ply
configurations-symmetric cross-ply, asymmetric
cross-ply and symmetric quasi–isotropic specimensused to study the model’s ability to predict residual
stresses; the model produced results that agreed
with theoretical results. Ghasemi and Mohammadi
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[5-6] used integral method for the approximation of
residual stresses field in fiber-metal laminates
(FMLs). They experimented with an incremental
hole–drilling method to measure the non–uniform
residual stresses in each FML ply. The results showed
close agreement with predictions using classical laminate plate theory.
Abouhamzeh et al. [7] presented an analytical
model to predict warpage and residual stresses that
develop during FML curing. They implemented
change of stiffness and chemical shrinkage of the material during curing in the model. In the field of micro–residual stresses, common methods for determining residual stresses include finite element analysis [8-12], circular disc model (CDM) [13-14], cylinder theory [15-17], and energy method [18-20].
Levin et al. [21] studied residual stresses in an Alumina–SiC particulate composite as a function of silicon carbide (SiC) content by X-ray diffraction. According to X-ray reflection shift and line broadening
analysis, average micro-residual stresses evaluated
in each phase. Todd et al. [22] repeated measuring of
micro–residual stresses in Alumina–SiC by neutron
diffraction. Wu [23] used an analytical charge distortion model (CDM) for measuring micro–residual
stresses in Alumina–SiC nanocomposite and compared his results with the experimental results presented by Levin et al. The comparison showed good
agreement and certified CDM results. Maligno [24]
investigated the effect of micro–residual stresses on
damage of fiber–reinforced laminates as finite element modeling of a unit cell. Residual stresses introduced by curing were determined by considering two
possibilities: 1) volume shrinkage of the matrix resin
from the crosslink polymerization during isothermal
curing and, 2) thermal contraction of both resin and
fiber as a consequence of the cooling process to room
temperature.
Moreno and Marques [25] considered a different
configuration of unit cells and boundary conditions
to identify effective properties of active fiber composites (AFCs). AFCs are composed of uniaxial–oriented
piezoceramic fibers embedded in a polymer matrix
that is sandwiched between two interdigitated electrodes that can be designed as sensors and actuators
for applications such as structure-health monitoring
and vibration control. They compared results to past
researches and showed good agreement. Shokrieh
and Ghanei-Mohammadi [26] investigated finite element analysis of residual stresses in fiber–reinforced
laminate composites. Three types of representative
volume element configurations-circular, square and
hexagonal modeled were tested, and the effect of
each type of fiber packing was studied. They examined the effect of fiber neighbor and boundary conditions on the residual stress distribution of different
unit cells and introduced new boundary conditions

for the monofiber model to enable it to predict
macro-behavior in an efficient way. Shokrieh and Safarabadi [27] used the energy method to identify micro-residual stresses in cylinder unit cells. They considered the interphase region between the fiber
phase and the matrix phase, as well as the effect of
interphase thickness on axial, radial, and shear residual stresses in unit cells.
In three-phase composite materials, Shokrieh et
al. [28] used carbon nanotubes (CNTs) in fiber-reinforced laminate composites. Using polymer matrix,
they investigated the effect of CNTs on the reduction
of residual stresses by the energy method and slitting
method. Another nanomaterial that is used to reduce
residual stresses is carbon nanofiber. Ghasemi et al.
[29] studied the effect of carbon nanofibers (CNFs)
on the reduction of thermal residual stresses in fiber–reinforced composite materials. Micromechanical models are used for determining mechanical and
thermal properties of three–phase composites, including carbon fiber, CNT, and polymer matrix.
Ghasemi and Mohammadi [30-32] studied the distribution of residual stresses in three–phase composite
materials used in CNTs as reinforcement of carbon fiber by the electrophoresis method in laminate composites. They used CDM, cylinder theory, and finite
element analysis to determine residual stresses in
every phase individually.
In this paper, distribution of residual stresses is
investigated in the three phases of fiber–reinforced
nanocomposite, including carbon fiber, CNT, and polymer matrix. Residual stress distribution is studied
in different unit–cell arrays to select an ideal array
for this analysis. Radial and tangential residual stress
is studied in every phase separately, and the effect of
0%, 1%, 2% and 3% CNT volume fractions on residual stresses is studied in different directions.

2. Unit Cell
Representative volume element (RVE), or unit
cell, is a qualified representation element for micromechanical analysis of fiber-reinforced, unidirectional laminate composites. For unit cells, the ideal
regular arrangement of reinforcing fibers is assumed
to be in the matrix. Square-packing array and hexagonal-packing array are two prevalent arrays used for
unidirectional fiber-reinforced composite laminates.
Schematics of these arrays are shown in Fig. 1. Hexagonal packing array is more useful and suitable for
residual stress analysis than is square-packing array
[24]; hence; it is the focus of this paper.
Because of the high mechanical and thermal properties of nanomaterials, they are used as additional
substances in composite materials. Nanomaterials
improve mechanical and thermal properties of composite materials. CNTs are typically dispersed into
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the polymer matrix to reinforce composite materials.
The reinforced matrix is, in turn, used as a new matrix for unidirectional fibers. Mechanical and thermal
properties of carbon fiber, epoxy matrix, and CNT are
shown in Table 1. E, αT, and ν are elastic modulus,
transverse CTE, and Poisson’s ratio, respectively.
CNTs should be homogeneously distributed in the
matrix to improve the mechanical properties of
nanocomposites. Unit cells with homogenous dispersion of 1% CNT volume fraction and 60% carbon-fiber volume fraction are shown in Fig. 2(a).
The CNT and carbon fiber radii are considered
equal (4 e-5 mm and 3.25 e-3 mm) and corresponding to actual dimensions. Three different directions
are selected to determine residual stress distribution: 1) around the central carbon fiber, 2) OP direction, and 3) OQ direction, as shown in Fig. 2(b).
Boundary conditions of residual stresses analysis for
unit cells are shown in Fig. 2(b). According to Zhao et
al. [33], these are qualified boundary conditions for
residual stress analysis.
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Table 1. Mechanical and thermal properties of various phases [30].

Phase
Carbon fiber
CNT
Epoxy ML506

E (GPa)
230
1000
3.13

αT (1/°C)
15 e-6
15 e-6
62.45e–6

ν
0.2
0.1
0.35

(a)

(a)
(b)
Figure 2. Unit cell schematics: (a) homogenous dispersion of CNTs
and (b) boundary conditions and different directions.
Unit Cell

(b)

Unit Cell

Figure 1. Schematic of unit cell; (a) hexagonal packing array and
(b) square packing array.

3. Finite Element Modeling
ABAQUS commercial software was used for finite
element modeling and residual stress analysis in different arrays and different CNT volume fractions.
Unit cells were modeled as two dimensional and
simply supported boundary conditions are applied
around the plate, as shown in Fig. 2(b). Curing temperature was considered equal to 120 °C, and Δt =
100 °C was considered for residual stress analysis
with respect to an ambient temperature of 20 °C. The
cooling process, from curing temperature to ambient
temperature, is applied smoothly and neglected
changes of mechanical and thermal properties of
every phase. For example, the finite element modeling of a unit cell, 3*3 and 5*5 arrays of 1% CNT volume fraction are shown in Figs. 3(a), 3(c), and 3(d) as
two dimensional, respectively. A part of a unit cell
composed of three phases is shown in Fig. 3(b) in
very fine detail. The CNTs are modeled according to
actual dimensions, and mechanical and thermal
properties. Considered as a triangle, CPS4R is the carbon fiber and CNT’s element type, and CPS3 is the
matrix element type. The approximate global size is
equal to 18e-5 (mm); the 3*3 unit-cell array model
comprises 22,442 elements, and the 5*5 array models comprise 201,978 and 561,050 elements, respectively.
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(a)

CNT

(b)

(c)

actuality, two other additional arrays were considered for comparing residual stress distribution and
selection of suitable arrays for analysis. To study the
residual stresses in different arrays, the unit cell was
considered two-phased, with 60% carbon fiber volume fraction and without CNT.
The distribution of radial residual stress for different unit cell arrays around the central carbon fiber is
shown in Fig. 4. In all cases, radial residual stress distribution is symmetric around the central carbon fiber and is consistent with real conditions. The distribution of radial residual stress around the central
carbon fiber in various arrays indicates that increasing the number of carbon fibers caused converged radial residual stress distribution results. The stress
distribution in the 3*3 and 5*5 arrays around the
central carbon fiber were close together and functioned differently than they would separately in a
unit cell. Neighborhood conditions caused the carbon
fiber to change locations, affecting the magnitude of
the maximum residual stress around central carbon
fiber in both arrays. The maximum radial residual
stress distribution difference between the 3*3 and
5*5 arrays is less than 7%; however, the radial residual stress distribution of a unit cell is completely different than that of other arrays. This shows that the
effect of neighboring carbon fibers is not negligible.
The tangential residual stress distribution around
the central carbon fiber is shown in Fig. 5. Change of
residual stresses around it is due to the effect of
neighboring carbon fibers. Distribution of tangential
residual stress converges by increasing the amount
of carbon fiber, as the maximum difference of tangential residual stresses in 3*3 and 5*5 arrays is less
than 2%. For the unit cell array, the magnitude and
the distribution of tangential residual stresses are so
different with other arrays, as 3*3 array and 5*5 array, that shows no accuracy of the unit cell array.
unit cell
5*5 array

Radial residual stress distribution
(MPa)

-1

3*3 array

-2
-3
-4

-5

(d)
Figure 3. Unit cell Finite element modeling: (a) unit cell, (b) zone
of unit cell elements, (c) 3*3 array and (d) 5*5 array.

-6
-7

4. Comparison of Arrays
In order to consider the neighborhood conditions
of carbon fiber and more adaptability of modeling to

0

45

90 135 180 225 270 315 360
Residual stress distribution

Figure 4. Radial residual stress distribution around the central
fiber for different arrays.
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Tangential residual stress distribution
(MPa)

The OP direction is considered the direction between two carbon fibers. Radial residual stress distribution is investigated in the OP direction for different arrays in Fig. 6. For a unit cell, radial residual
stress distribution is zero at the end of the OP direction. In this location, radial residual stresses did not
equal zero for 3*3 and 5*5 arrays due to existence
and increase of neighboring carbon fibers.
For the 3*3 and 5*5 arrays, the radial residual
stress distribution is very close together, as the maximum radial residual stress difference in the arrays is
less than 8%. Radial residual stress distribution is
symmetric in the OP direction from the central carbon fiber to the neighboring carbon fiber; however,
due to free stress at the edge in the unit cell array, the
radial residual stress distribution was not symmetric
in the OP direction.
unit cell
5*5 array

1

3*3 array

0
-1
-2
-3
-4

-5
-6
0

45

90

135 180 225 270 315 360

Around central fiber (degree)
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The tangential residual stress distribution of different arrays in the OP direction is shown in Fig. 7.
Tangential residual stresses are compressive in carbon fiber and tensional in resin matrix. In unit cells,
tangential residual stress distribution is asymmetrical, but increasing the number of carbon fibers
caused symmetric distribution of tangential residual
stresses in the 3*3 and 5*5 arrays. Tangential residual stress distribution converged when the number
of carbon fibers increased, so tangential residual
stress distribution was very close together in both arrays.
Radial residual stress in the OQ direction is shown
in Fig. 8. In the unit cell, radial residual stresses were
decreased in the carbon fiber and matrix from –3.57
(MPa) in the central fiber to the OQ’s free stress edge.
Increasing the number of carbon fibers caused a
change in the radial residual stress distribution in
both arrays as a result of neighboring carbon fibers.
Radial residual stresses are increased to the carbon
fiber and matrix boundaries in both arrays, where radial residual stresses are decreased from the edge of
the central carbon fiber to the end of OQ direction.
Radial residual stress distribution of the 3*3 and 5*5
arrays are close together and the maximum difference of radial residual stress in the 3*3 and 5*5 arrays became less than 9%. Tangential residual stress
distribution for different arrays in the OQ direction is
shown in Fig. 9. Tangential residual stresses become
compressive in carbon fiber and tensional in the
resin matrix. Increasing number of carbon fibers
caused tangential residual stress results to converge
in this direction, as well; somehow the 3*3 and 5*5
arrays coincided in every phase.

Figure 5. Tangential residual stress distribution around central fiber for different arrays.

unit cell

array 3*3

array 5*5

unit cell

3*3 array

5*5 array

10

0

Radial residual stresses distribution
(MPa)

Tangential residual stresses
distribution (MPa)

15

-1
-2
-3
-4

5

0
-5

-10

-5
-15
-6

0
0

0.002

0.004

0.006

0.008

Residual stress distribution
Figure 6. Radial residual stress distribution in the OP direction
for different arrays.

0.002

0.004
0.006
In OP direction (mm)

0.008

Figure 7. Tangential residual stress distribution in the OP direction for different arrays.
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unit cell

the the OQ direction

0

3*3 array

5*5 array

-1
-2
-3
-4
-5
-6
-7
0

0.001
0.002
0.003
In OQ direction (mm)

0.004

Figure 8. Radial residual stress distribution in the OQ direction
for different arrays.

Tangential residual stress distribution
(MPa)

unit cell

3*3 array

5*5 array

15

Schematic modeling of homogenous dispersion of
different CNT volume fractions is shown in Fig. 10.
According to homogenous CNT dispersion, and considering actual CNT size, increasing the CNT volume
fraction changed the number of CNTs in select directions and in the distance between one another. A CNT
stayed in the OP direction certainly for the 2% CNT
volume fraction only. As shown in Fig. 10, the number
of CNTs in the OP and OQ directions is different in
various cases.
In this section, radial and tangential residual
stress distribution is investigated in different directions for different CNT volume fractions. The comparison of residual stress distribution of different arrays in the previous section show that the 3*3 array
is suitable for determining residual stress distribution in a different direction. Radial residual stress
distribution around the central carbon fiber for different CNT volume fractions is shown in Fig. 11.

10

5

0

-5
0

0.001
0.002
0.003
In the OQ direction (mm)

0.004

Figure 9. Tangential residual stress distribution in the OQ direction for different arrays.

According to the radial and tangential residual
stress distribution in different arrays for the twophase unit cell (60% carbon fiber and 0% CNT volume fraction), the increasing number of carbon fibers caused the results to converge and be more logical. The distribution of residual stresses in 3*3 array
are so close to 5*5 array that shows stable results and
considering more array do not have significant effect
on the residual stress distribution. In this research,
3*3 array is selected between different arrays due to
better results respect to the unit cell array and less
time for the finite element analysis respect to 5*5 array.

5. The effect of adding CNTs on residual
stress distribution
Four different CNT volume fractions (0%, 1%,
2%, and 3%) with a constant 60% volume fraction of
carbon fiber were employed to evaluate the effect of
additional CNTs on residual stress distribution. Dispersion of CNTs in the matrix must be homogenous
to have a sufficient effect on it.

Figure 10. Unit cell with different CNT volume fractions: a) 1%
CNT; b) 2% CNT; c) 3% CNT.

A.R. Ghasemi & M. Mohammadi-Fesharaki / Mechanics of Advanced Composite Structures 4 (2017) 9-18

The radial residual stress distribution in the OP
direction is shown in Fig. 13. The distribution became symmetric, so the magnitude of radial residual
stress in the central fiber carbon and neighboring
carbon fiber is similar in the OP direction. The presence of CNTs, along with their increase, caused nonuniformity of the radial residual stress distribution in
the matrix. However, no significant change in residual stress distribution occurred in the carbon fibers.
For the 2% CNT volume fraction, the radial residual
stress increased suddenly from -5.14 (MPa) in the
matrix to -24.8 (MPa) in the CNTs. This sudden change
is due certainly to the presence of CNTs in the OP direction. In the case of the 3% CNT volume fraction, a
greater number of CNTs are present near the OP direction. The effect of these CNTs was fluctuation of the radial residual stress distribution in the matrix.
Fluctuation of the radial residual stress distribution is the reason for the increasing CNTs adjacent to
the OP direction for the 1% and 3% CNT volume fraction, but the sudden change in radial residual stress
0
%0 CNT
%1 CNT
distribution for the 2% CNT volume fraction ac%2 CNT
%3 CNT
counts for the existence of a CNT in this direction
-1
(Fig. 10(b)).
-2
Tangential residual stress distribution in the OP
direction is shown in Fig. 14. Tangential residual
-3
stresses become compressive residual stresses in
carbon fiber and tensional residual stresses in the
-4
matrix. The existence of CNTs is caused by the non–
-5
uniformity of the tangential residual stress in the matrix. Tangential residual stress distribution is sym-6
metric for the 0% and 1% CNT volume fractions. Regarding the 2% CNT volume fraction, the existence of
-7
a CNT in the OP direction changed the tangential re0
45 90 135 180 225 270 315 360
sidual stress from 13.4 (MPa) in the matrix to 9.2
Around central fiber (degree)
(MPa) in the CNT, so the tangential residual stress
Figure 11. Radial residual stress distribution around fiber for different CNT
equaling 9.2 (MPa) is the magnitude of the tangential
volume fractions.
residual stress in the CNT in this case. For the 3%
CNT volume fraction, the effect of the CNTs near the
0
%0 CNT
%1 CNT
OP direction in the matrix caused fluctuation of the
%2 CNT
%3 CNT
tangential residual stress.
-1
Radial residual stress distribution in the OQ direction is shown in Fig. 15. For the 0% CNT volume frac-2
tion, the distribution of radial residual stresses was uniform. By adding CNT to the matrix, some CNTs placed
-3
on OQ direction that caused to change the distribution
of radial residual stresses. For the 1% CNT volume frac-4
tion, radial residual stresses changed from -5.76 (MPa)
in the matrix to -25.5 (MPa) in CNT. Regarding the 2%
-5
CNT volume fraction, as CNT location changed, the position of the radial residual stress peak changed to CNT
-6
location. And for the 3% CNT volume fraction, two
0
45 90 135 180 225 270 315 360
CNTs in the OQ direction caused radial residual stresses
Around central fiber (degree)
to change from 6.82 (MPa) in the matrix to -26.17
Figure 12. Tangential residual stresses distribution around fiber
(MPa) in CNT. This change of radial residual stress ocfor different CNT volume fractions.
curred for the second CNT in the OQ direction from 7.95 (MPa) in the matrix to -23.7 (MPa) in CNT.
Tangential residual stress distribution
(MPa)

Radial residual stress distribution
(MPa)

Maximum and minimum radial residual stress
distribution occurred where adjacent carbon fibers
were at a maximum and minimum distance from the
central carbon fiber in the 0% CNT volume fraction.
The existence of CNTs caused a change in the location
and magnitude of radial residual stress. Increasing
and neighborhood of CNT to carbon fiber caused a
fluctuation in radial residual stress.
Tangential residual stress distribution around the
central carbon fiber is shown in Fig. 12. Adding CNTs
caused the magnitude and location of maximum and
minimum tangential residual stress distribution to
change. For the 0% CNT volume fraction, tangential
residual stress distribution is smoother than other
cases because of the CNTs effect on tangential residual stress distribution. For the 1%, 2%, and 3% CNT
volume fractions, adding CNTs caused a fluctuation
of tangential residual stress in the central carbon fiber.

15

A.R. Ghasemi & M. Mohammadi-Fesharaki / Mechanics of Advanced Composite Structures 4 (2017) 9-18

%0 CNT
%2 CNT

Residual stress distribution

5

%1 CNT
%3 CNT

0
-5
-10
-15
-20

Residual stress distribution

16

-25

16
14
12
10
8
6
4
2
0
-2
-4
-6

0

0.002

0.004

0.006

0.008

In OP direction (mm)
Figure 13. Radial residual stress distribution in the OP direction for different CNT volume fractions.

Tangential residual stress distribution
(MPa)

%1 CNT
%2 CNT
%3 CNT

0

-30

%0 CNT
%2 CNT

15
13
11
9
7
5
3
1
-1
-3
-5

0.004

Figure 16. Tangential residual stress distribution in the OQ direction for different CNT volume fractions.
Table 2. Tangential residual stresses in the OQ direction
(MPa).

%CNT
%0
%1
%2
%3

%1 CNT
%3 CNT

0.001
0.002
0.003
(mm) In OQ direction

Fiber Phase
-3.09
-3.08
-3.08
-3.10

CNT Phase
9.79
9.40
10.47*
7.36**

Matrix Phase
13.25
13.37
13.40
13.70

* First CNT
** Second CNT

-15

The distribution of tangential residual stresses in
the OQ direction is displayed in Fig. 16. Tangential residual stresses became compressive in the carbon fiber and tensional in the CNT and matrix. Distribution
of tangential residual stress became smooth in the
absence of CNT. For the 1% CNT volume fraction, the
presence of a CNT caused the tangential residual
stresses to decrease from 13.37 (MPa) in the matrix
to 9.79 (MPa) in the CNT. In the case of the 2% CNT
volume fraction, the CNT location changed with respect to the 1% CNT volume fraction, causing the tangential residual stress peak to change locations. For
the 3% CNT volume fraction case, two CNTs stayed in
the OQ direction in the matrix, which caused the tangential residual stress to change suddenly, from
12.71 (MPa) in the matrix to 7.36 (MPa) in first CNT,
and from 13.7 (MPa) in the matrix to 10.47(MPa) in
the second CNT. The magnitude of tangential residual
stress for different cases in every phase are shown in
Table 2.

-20

6. Conclusions

0

0.002
0.004
0.006
In the OP direction (mm)

0.008

Figure 14. Tangential residual stress distribution in the OP direction for different CNT volume fractions.

Radial residual stress distribution
(MPa)

%0 CNT

%0 CNT
%2 CNT

0

%1 CNT
%3 CNT

-5
-10

-25
-30
0

0.001
0.002
0.003
In the OQ direction (mm)

0.004

Figure 15. Radial residual stress distribution in the OQ direction for different CNT volume fractions.

The distribution of residual stresses for threephase CNT/matrix/fiber composites has been investigated. ABAQUS commercial finite element software
was used and residual stress in different directions of
a unit cell were studied. The results showed that:
 The 3*3 arrays of a unit cell are suitable for
modeling micro-residual stresses, and the
results of this array are reliable.
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The magnitude and change of the distribution of tangential and radial residual stress
are important and significant in different directions.
Although adding the CNTs caused the fluctuation of tangential and redial residual stress,
a decrease in residual stress occurred in
composite materials.
Although the presence of CNTs reduces
overall residual stress in composite materials, the local residual stress in CNT particles
is considerable.
Adding a 3% volume fraction of CNTs to the
matrix is the best option in these cases for
reducing overall residual stress and maintaining minimum fluctuation in local microresidual stress.
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